Abstract. We complete the classification of compact connected contact toric manifolds initiated by Banyaga and Molino and by Galicki and Boyer. As an application we prove the conjectures of Toth and Zelditch on toric integrable systems on the n-torus and the 2-sphere.
Introduction
The main goal of this paper is to complete the classification of compact co-oriented contact manifolds with completely integrable contact torus actions, that is, of compact contact toric manifolds. See Theorem 2.18 below for a precise description of our classification. The study of completely integrable systems on contact manifolds was initiated by Banyaga and Molino [BnM1, BnM2, Bn] who, in particular, gave a partial classification of contact toric manifolds. Boyer and Galicki gave a description of contact toric manifolds satisfying the assumption that the image of the moment map lands in an open half-space [BG] .
Our motivation for studying contact toric manifolds comes from the recent work of Toth and Zelditch [TZ] who introduced the notion of a toric integrable geodesic flow. For every toric integrable geodesic flow on a manifold M the co-sphere bundle S(T * M ) has the structure of a contact toric manifold. Thus a classification of contact toric manifolds is useful for understanding of toric integrable geodesic flows. For example in [LS] it was shown that if a geodesic flow on the standard torus T n = R n /Z n is toric integrable then the corresponding metric must be flat thereby proving a conjecture in [TZ] . The argument in [LS] uses a topological classification of contact toric manifolds with a non-free torus action.
Alternatively, since there is a one-to-one correspondence between symplectic cones and contact manifolds, our classification is a classification of symplectic toric manifolds that are symplectic cones over a compact base. Compact symplectic toric manifolds are well understood thanks to the work of Delzant [D] . All of such manifolds turn out to be smooth projective toric varieties. In general compact toric manifolds have been studied extensively from many different points of view. It seems to us that the class of non-compact symplectic toric manifolds we are describing should have interesting applications beyond integrable geodesic flows.
A classification of contact toric manifolds up to equivariant contactomorphisms allows us in this paper to positively answer two questions posed in [TZ] : Theorem 1.1. Up to appropriate isomorphisms the only toric integrable action of the n-torus on the co-sphere bundle of the n-torus is the standard action, that is, the lift of multiplication on the left to the co-sphere bundle.
Theorem 1.2. Up to appropriate isomorphisms the only toric integrable action of the 2-torus on the co-sphere bundle of the 2-sphere is the standard action, that is the action generated by the geodesic flow of the round metric and by the rotations about a fixed axis.
We strongly suspect that there are preciously few manifolds that admit toric integrable geodesic flows. In fact the only examples we know are tori and the low-dimensional spheres, and it would be surprising if there are others.
Note that it is an entirely different problem to classify all toric integrable metrics on a given manifold. As was mentioned earlier for any toric integrable metric on a torus has to be flat and conversely any flat metric is toric integrable. But even for the 2-sphere the question is open.
A note on notation. If U is a subspace of a vector space V we denote its annihilator in the dual vector space V * by U • . Thus U • = {ℓ ∈ V * | ℓ| U = 0}.
Throughout the paper the Lie algebra of a Lie group denoted by a capital Roman letter is denoted by the same small letter in the fraktur font: thus g denotes the Lie algebra of a Lie group G etc. The vector space dual to g is denoted by g * . The identity element of a Lie group is denoted by 1. The natural pairing between g and g * is denoted by ·, · .
When a Lie group G acts on a manifold M we denote the action by an element g ∈ G on a point x ∈ M by g · x; G · x denotes the G-orbit of x and so on. The vector field induced on M by an element X of the Lie algebra g of G is denoted by X M and the diffeomorphism induced by g ∈ G on M by g M . Thus in this notation g · x = g M (x). The isotropy group of a point x ∈ M is denoted by G x ; the Lie algebra of G x is denoted by g x and is referred to as the isotropy Lie algebra of x. Recall that g x = {X ∈ g | X M (x) = 0}.
If a Lie group G is a torus we denote the integral lattice of G by Z G and the dual weight lattice by Z * G . Recall that Z G = ker(exp : g → G), Z * G = Hom Z (Z G , Z). If X is a vector field and τ is a tensor, then L X τ denotes the Lie derivative of τ with respect to X.
If P is a principal G-bundle then [p, m] denotes the point in the associated bundle P × G M = (P × M )/G which is the orbit of (p, m) ∈ P × M .
The symbol α always denotes a contact form and ξ always denotes a co-oriented contact structure.
for all q ∈ M , p ∈ T * q M and X ∈ g, we see that if α is any invariant contact form with ker α = ξ and α(M ) ⊂ ξ • + then α * Ψ(q, p), X = α * Φ(q, p), X = α q , X M (q) = Ψ α (q), X . Thus Ψ • α = Ψ α , that is, Ψ = Φ| ξ • + is a "universal" moment map. There is another reason why the universal moment map Ψ : ξ • + → g * is a more natural notion of the moment map than the one given by (2.1). The vector fields induced by the action of G preserving the contact distribution ξ are contact. The space of contact vector fields is isomorphic to the space of sections of the bundle T M/ξ → M (a choice of a contact form identifies T M/ξ with M × R and contact vector fields with functions). Thus a contact group action gives rise to a linear map
The moment map should be the transpose of the map (2.2). The total space of the bundle (T M/ξ) * naturally maps into the space dual to the space of sections Γ(T M/ξ):
where π : (T M/ξ) * → M is the projection and ·, · is the paring between the corresponding fibers of (T M/ξ) * and T M/ξ. In other words, the transpose Ψ : (T M/ξ) * → g * of (2.2) should be given by
for all q ∈ M , p ∈ ξ • q and X ∈ g, which exactly the definition of Ψ given earlier as the restriction of the moment map for the lifted action of G on the cotangent bundle T * M . Thus part of the above discussion can be summarized as Remark 2.9. We will refer to Ψ : ξ • + → g * as the moment map for the action of a Lie group G on a co-oriented contact manifold (M, ξ = ker α), that is, as the contact moment map. It is easy to show that Ψ is G-equivariant with respect to the given action of G on M and the coadjoint action of G on g * . Hence for any invariant contact form α the corresponding α-moment map Ψ α : M → g * is also G-equivariant.
Later in the paper we will need a version of contact reduction due to Albert [A] and, independently, to Geiges [Ge] : Proof. It's easy to see that β| Ψ −1 β (0) is basic and hence descends. For a proof that β 0 is contact if β is contact see [A] or [Ge] . Note that the zero level set Ψ −1 β (0) is the set of points of M where G-orbits are tangent to the contact distribution ker β. Thus M 0 depends only on ker β. It is not hard to see that ker β 0 depends only on ker β as well.
We now begin the study of contact toric manifolds.
Definition 2.11. An action of a torus G on a contact manifold (M, ξ) is completely integrable if it is effective, preserves the contact structure ξ and if 2 dim G = dim M + 1.
A contact toric G-manifold is a co-oriented contact manifold (M, ξ) with a completely integrable action of a torus G (but see Remark 2.13 below).
Note that if an action of a torus G on (M, ξ) is completely integrable, then the action of G on a component ξ • + of ξ • 0 is a completely integrable Hamiltonian action and thus ξ • + is a symplectic toric manifold (for more information on symplectic toric manifolds and orbifolds see [D] and [LT] ).
Lemma 2.12. Suppose an action of a torus G on a contact manifold (M, ξ) is completely integrable. Then zero is not in the image of the contact moment map Ψ : ξ • + → g * . Proof. Suppose not. Then for some point x ∈ M the orbit G · x is tangent to the contact distribution ξ. Therefore the tangent space ζ x := T x (G · x) is isotropic in the symplectic vector space (ξ x , ω x ) where ω x = dα x | ξ and α is a G-invariant contact form with ker α = ξ and α(M ) ⊂ ξ • + . We now argue that this forces the action of G not to be effective. More precisely we argue that the slice representation of the connected component of identity H of the isotropy group G x of the point x is not effective. The group H acts on ξ x preserving the symplectic form ω x and preserving ζ x . Since ζ x is isotropic, ξ x = (ζ ω x /ζ x ) ⊕ (ζ x × ζ * x ) as a symplectic representation of H. Here ζ ω x denotes the symplectic perpendicular to ζ x in (ξ x , ω x ). Note that since G is a torus, the action of H on ζ x (and hence on ζ * x ) is trivial. Observe next that the dimension of the symplectic vector space
On the other hand, since H is a compact connected Abelian group acting symplecticly on V , its image in the group of symplectic linear transformations Sp(V ) lies in a maximal torus T of a maximal compact subgroup of Sp(V ). Since the maximal compact subgroup of Sp(V ) is the unitary group U (n), n = dim V /2, the dimension of T is n = dim H − 1. Therefore the representation of H on V (and hence of G x ) is not faithful. Since the fiber at x of the normal bundle of
x , the slice representation of G x is not faithful. Consequently the action of G in not faithful in a neighborhood of an orbit G · x. Contradiction.
Suppose (M, ξ) is a contact toric G-manifold. Fix an inner product on the Lie algebra g of G and thereby on the dual space g * . There exists then a unique G-invariant contact form α defining ξ and its co-orientation and furthermore satisfying the normalizing condition that
x for x ∈ M ; by Lemma 2.12 this makes sense).
Remark 2.13. From now on we fix an inner product on a torus G. This allows us to normalize contact forms on contact toric G-manifolds as above. Also, since the moment map Ψ α : M → g * contains all the information about the action of G on (M, ξ = ker α) we can and will think of a contact toric G-manifold as a triple (M, α, Ψ α ) where α is normalized so that ||Ψ α (x)|| = 1 for all x ∈ M . Definition 2.14. Let (M, ξ) be a co-oriented contact manifold with an action of a Lie group G preserving the contact structure ξ and its co-orientation. Let Ψ : ξ • + → g * denote the corresponding moment map. We define the moment cone C(Ψ) to be the set
Definition 2.15. Two contact toric G-manifolds (M, α, Ψ α ) and (M, α ′ , Ψ α ′ ) are isomorphic if there exists a G-equivariant co-orientation preserving contactomorphism ϕ : M → M ′ . We will refer to such a map ϕ as an isomorphism between (M, α, Ψ α ) and (M, α ′ , Ψ α ′ ).
We denote the group of isomorphisms of (M, α,
Definition 2.17 (Good cones). Let g * be the dual of the Lie algebra of a torus G. Recall that a subset C ⊂ g * is a rational polyhedral cone if there exists a finite set of vectors {v i } in the integral lattice Z G of G such that
Of course it is no loss of generality to assume that the set {v i } is minimal, i.e., that for any
and that each vector v i is primitive, i.e., sv i ∈ Z G for s ∈ (0, 1). Therefore we make these two assumptions. A rational polyhedral cone C = N i=1 {η ∈ g * | η, v i ≥ 0}, {v i } ⊂ Z G with non-empty interior is good 1 if the annihilator of a linear span of a codimension k space, 0 < k < dim G is the Lie algebra of a subtorus H of G and the normals to the face form a basis of the integral lattice Z H of H. That is, if
and {v i j } is independent over Z.
We can now state the main result of the paper, a classification theorem. 1. Suppose dim M = 3 and the action of G = T 2 is free. Then M is a principal Gbundle over S 1 , hence is diffeomorphic to T 3 = S 1 × T 2 . Moreover the contact form α is cos nt dθ 1 + sin nt dθ 2 ((t, θ 1 , θ 2 ) ∈ S 1 × T 2 ) for some positive integer n.
2. Suppose dim M = 3 and the action of G = T 2 is not free. Then M is diffeomorphic to a lens space (this includes S 1 × S 2 ) and, as a c.c.c.t. G-manifold, (M, α, Ψ α ) is classified by two rational numbers r, q with 0 ≤ r < 1, r < q. Remark 2.19. Since principal n-torus bundles over a manifold are in one-to-one correspondence with second cohomology classes of the manifold with coefficients in Z n and since H 2 (S d , Z n ) = 0 for d = 2, the only interesting case of the part 3 of the theorem occurs when dim G = 3. In this case the theorem asserts that each principal T 3 bundle over the 2-sphere (there are Z 3 of them altogether) carries a unique T 3 -invariant contact structure. These contact manifolds were first constructed by Lutz [Lu] . Their symplectizations were also explicitly constructed by Bates [Bt] .
Suppose dim
We will prove Theorem 2.18 over the course of the next four sections.
Local structure of contact toric manifolds
The motivation for the following definition comes from Lemma 3.7 below. Note that given an embedding ι : N → M we do not distinguish between the vector bundles over N and over ι(N ). Remark 3.2. Note that ζ = ker(ι * α). Note also that if α ′ = e f α, f ∈ C ∞ (M ), is another contact form defining the contact structure ξ then ι * α ′ = e ι * f ι * α and dα ′ | ξ = e f (dα| ξ ).
Definition 3.3. Let ι : N ֒→ (M, ξ = ker α) be a pre-isotropic embedding. We define the characteristic distribution of the embedding ι to be the co-oriented distribution ζ = T N ∩ξ.
Equivalently we can think of ζ as the conformal class [ι * α] of 1-forms. We define the conformal symplectic normal bundle (E, [ω E ]) of the embedding by E = ζ ω /ζ where ζ ω is the symplectic perpendicular to ζ in the conformal symplectic vector bundle (ξ,
Remark 3.4. Suppose ι : N ֒→ (M, ξ = ker α) is a pre-isotropic embedding. Suppose further that a Lie group G acts on N and M preserving the contact form α and making the embedding ι equivariant. Then G preserves the characteristic distribution ζ and acts on the conformal symplectic normal bundle E preserving the symplectic structure ω E and its conformal class.
Theorem 3.5 (Uniqueness of pre-isotropic embeddings). A pre-isotropic embedding is uniquely determined by its characteristic distribution and its conformal symplectic normal bundle.
More specifically suppose (M j , ξ j = ker α j ), j = 1, 2 are two contact manifolds and ι j : N → (M j , ξ j ), j = 1, 2 are two pre-isotropic embeddings such that 
Moreover if a Lie group G acts properly on N , M 1 , M 2 making the embeddings ι j Gequivariant and if the action preserves the contact structures, then we may choose the neighborhoods U 1 , U 2 to be G-invariant and the map ϕ to be G-equivariant.
The proof of Theorem 3.5 relies on the following observation. 
x for all x ∈ N, and suppose that the 2-form
Moreover, if a Lie group G acts properly on M preserving N and the two contact forms α 0 , α 1 , then we can choose the neighborhoods U 0 , U 1 to be G-invariant and arrange for the map ϕ above to be G-equivariant.
Proof. Consider the family of
is nondegenerate. Therefore the forms α t are contact in a neighborhood of N for all t. It is no loss of generality to assume that this neighborhood is all of M .
Denote the Reeb vector field of α t by Y t . Since the Reeb vector field is uniquely defined by
Define a time dependent vector field X t tangent to the contact distribution ξ t = ker α t by
We claim that the Lie derivative of α t with respect to X t satisfies
Denote the isotopy generated by X t by ϕ t . Since X t vanishes on N , ϕ t is defined for all t ∈ [0, 1] on a neighborhood of N . Since X t is G-invariant, the isotopy is G-equivariant. Let
. Note also that since X t is zero at the points of N , ϕ t fixes N pointwise.
Proof of Theorem 3.5. Suppose ι : N → (M, ξ = ker α) is a G-equivariant pre-isotropic embedding. Choose a G-invariant almost complex structure J on ξ compatible with ω = dα| ξ . This gives us a G-invariant inner product on the vector bundle ξ → M . Extend it to a G-invariant Riemannian metric g on M by, say, declaring the Reeb vector field Y of the invariant contact form α to be of unit length and orthogonal to ξ (as remarked previously, since α is G-invariant and the Reeb vector field Y is uniquely determined by α, Y is G-invariant).
By construction of J, ζ := ker(α| N ) and Jζ are g-perpendicular and ζ ⊕ Jζ is a symplectic subbundle of (ξ, ω). Let E be the ω-perpendicular to ζ ⊕ Jζ in ξ. The bundle E is also gperpendicular to ζ ⊕ Jζ; E is isomorphic to the conformal symplectic normal bundle of the embedding ι. We therefore have a G-equivariant direct sum decomposition
Since N is transverse to ξ it follows that
Note that the Reeb vector field Y need not be tangent to N , and so Jζ ⊕ E need not be gperpendicular to T N . Never the less, Jζ ⊕ E is a topological normal bundle for the embedding ι : N → M . Therefore the restriction of the g-exponential map exp : T M → M to Jζ ⊕ E gives an open G-equivariant embedding of a neighborhood of the zero section N ֒→ Jζ ⊕ E into M ; the embedding is identity on N .
Since ζ is isotropic in (ξ, ω), the map Jζ → ζ * defined by v → ω(v, ·)| ζ is an isomorphism. By composing the inverse of this map with exp we get a G-equivariant map ψ : ζ * ⊕ E → M , which has the following properties. The map ψ is the identity on N . It is an open embedding on a sufficiently small neighborhood of N in ζ * ⊕ E. For any point (x, 0, 0) in the zero section of ζ * ⊕ E we have
where ω ζx⊕ζ * x denotes the canonical symplectic form on ζ x ⊕ ζ * x and (ω E ) x = dα x | Ex . Now consider two pre-isotropic embeddings ι j : N → (M j , ζ j ), j = 1, 2 satisfying the hypotheses of the theorem. Since ι * 1 α 1 = e f ι * 2 α 2 , ker ι * 1 α 1 = ker ι * 2 α 2 . Denote this distribution by ζ. Let σ : E 1 → E 2 denote the vector bundle isomorphism with σ * ω 2 = e h ω 1 . The map τ = id ⊕ σ : ζ * ⊕ E 1 → ζ * ⊕ E 2 has the property that at the points (x, 0, 0) of the zero section N dτ (x,0,0) 
Consider the two G-equivariant maps ψ j : ζ * j ⊕ E j → M , j = 1, 2 given by the construction at the beginning of the proof. We have, for any point x ∈ N ,
We now apply the equivariant relative Darboux theorem to N ֒→ ζ * ⊕ E 1 , ψ * 1 α 1 and τ * ψ * 2 α 2 to obtain a G-equivariant diffeomorphism F :
1 ) for some neighborhoods V 1 , V 2 of the zero section and some function f . The theorem follows.
Proof. Since the contact distribution ξ is of codimension 1, in order to show that the orbit G · x is transverse to ξ, it is enough to prove that there is a vector X ∈ g such that X M (x) ∈ ξ x , i.e., such that 0 = α x (X M (x)) = Ψ α (x), X . But the latter is exactly the condition that Ψ α (x) = 0.
Next note that the fiber of the characteristic distribution ζ at x is
Since g is abelian, k is a subalgebra. Consequently ζ is an integrable distribution. Since the leaves of the foliation defined by ζ are tangent to the contact structure, ζ is an isotropic subbundle of the symplectic vector bundle (ξ, ω), where as usual ω = dα| ξ .
Definition 3.8. Let (M, ξ = ker α) be a contact manifold with an action of a torus G preserving the contact form α and let Ψ α : M → g * be the corresponding moment map. Suppose a point x ∈ M is such that Ψ α (x) = 0. Let ζ x denotes the fiber at x of the characteristic distribution of the pre-isotropic embedding G · x ֒→ (M, ξ) and let ζ ω x denote its symplectic perpendicular in (ξ, ω = dα| ξ ). We define the symplectic slice at x for the action of G on (M, ξ) to be the conformal symplectic vector space V = ζ ω x /ζ x with the conformal symplectic structure [ω V ] induced by [ω] . We refer to the symplectic representation of the isotropy group G x on (V, ω V ) as the symplectic slice representation.
We define the characteristic subalgebra of the embedding
Lemma 3.9. Let (M j , ξ j = ker α j ), j = 1, 2, be two contact manifolds with actions of a torus G preserving the contact forms α 1 , α 2 . Suppose x j ∈ M j , j = 1, 2 are two points such that 1. 0 = Ψ α 1 (x 1 ) = λΨ α 2 (x 2 ) for some λ > 0 (i.e., the characteristic subalgebras agree as co-oriented subspaces of g); 2. the isotropy groups are equal : G x 1 = G x 2 ; 3. the symplectic slice representations at x 1 and x 2 are isomorphic as symplectic representation up to a conformal factor.
Proof. The characteristic distributions and the conformal symplectic normal bundles of the embeddings ι j : G · x j ֒→ (M j , ξ j ), j = 1, 2, are, respectively,
are the symplectic slice representations. The lemma follows from the uniqueness of pre-isotropic embeddings (Theorem 3.5).
Lemma 3.10. Let (M, ξ = ker α) be a contact manifold with action of a torus G preserving the contact form α. Suppose x ∈ M is such that Ψ α (x) = 0. Let k = (RΨ α (x)) • be the characteristic subalgebra and G x → Sp(V, ω V ) the symplectic slice representation. Choose splittings
and thereby a splitting
There exists a G-invariant neighborhood U of the zero section
and an open G-equivariant embedding ϕ :
where Φ V : V → g * is the homogeneous moment map for the slice representation. Consequently,
Proof. By Lemma 3.9 it is enough to construct on
We construct (N, α N ) as a contact quotient (see Lemma 2.10). Since G is abelian, both right and left trivializations identify the cotangent bundle T * G with G × g * . Consider the hypersurface tν) ). Consider the action of G on G × g * given by g · (a, ν) = (ga, ν) and the action of G x on G × g * given by b · (a, ν) = (ab −1 , ν). Both actions preserve Σ, X and the tautological 1-form α T * G . The action of G x on V preserves the 1-form α V = ι(R)ω V where R is the radial vector field on V . The diagonal action of G x on Σ × V preserves the contact form (
where Φ V : V → g * x is the α V -moment map. Therefore the reduced space at zero for the action of G x is
Note that the moment map for the action of G on Σ × V descends to the α N -moment map for the induced action of G on N . Hence it is given by the desired formula:
We will need the following standard fact. Proof. Since the unitary group is the maximal compact subgroup of the symplectic group, given a symplectic representation of a torus ρ : H → Sp(V, ω) there exists on V an H-invariant contact structure J compatible with the symplectic form ω. We define the weights of ρ to be the weights of the complex representation ρ : H → GL(V, J). Since any two H-invariant complex structures on V compatible with ω are homotopic, the weights do not depend on the choice of J, i.e., they are well-defined.
The next lemma is taken from [D] .
H of H. Proof. Arguing as in the proof of Lemma 3.11 we may assume that ρ maps H into the unitary group U (V ). Since the dimension of a maximal torus of U (V ) is 1 2 dim V and since ρ is faithful, ρ maps the identity component of H onto a maximal torus of U (V ). Since the centralizer of a maximal torus of U (V ) is the torus itself, H is connected. Finally, the weights of a maximal torus T of U (V ) form a basis of the weight lattice of T .
Recall that G-orbits in contact toric G-manifolds are pre-isotropic (Lemma 3.7 and Lemma 2.12). Proof. Let k = (RΨ α (x)) • denote the characteristic subalgebra of the pre-isotropic embedding G · x ֒→ (M, ξ = ker α). By Lemma 3.10 a neighborhood of G · x in M is G-equivariantly diffeomorphic to a neighborhood of the zero section in N = G × Gx ((k/g x ) * × V ). Since G is abelian, the action of G x on (k/g x ) * is trivial. Since by assumption the action of G on M is effective, the slice representation of G x on V has to be faithful.
By definition of V , the dimension of V is the dimension of the contact distribution minus twice the dimension of the characteristic distribution, i.e., dim 
The rest of the lemma follows. As a corollary of the first part of the proof and Lemma 3.10 we get Theorem 3.14. Let (M, α, Ψ α : M → g * ) be a c.c.c.t. G-manifold normalized so that Ψ α (M ) ⊂ S(g * ) = {η ∈ g * | ||η|| = 1}. Let x ∈ M be a point, G x be its isotropy group (which is connected). Let ρ : G x → Sp(V, ω V ) denote the symplectic slice representation, Φ : V → g * denote the corresponding moment map, and let k = (RΨ α (x)) • be the characteristic subalgebra. Choose the embeddings i : g * x → g * , j : (k/g x ) * → g * as in Lemma 3.10.
There exists an open embedding ϕ from a neighborhood of the orbit
Proof. Since the isotropy group G x is connected, the sequence 1
Remark 3.15. Recall that for the standard representation of the n-torus T n on C n preserving the standard symplectic form ω = √ −1 dz j ∧ dz j , the corresponding moment map Φ : C n → (R n ) * is given by Φ(z) = (|z 1 | 2 , . . . , |z n | 2 ). Hence the fibers of Φ are T n -orbits. Consequently if ρ : H → Sp(V, ω V ) is a faithful representation of a torus H with dim V = 2 dim H, then the fibers of the corresponding moment map Φ V : V → h * are H-orbits. 
For any point x ∈ M and any sufficiently small
Proof. Fix a point x ∈ M . Let ρ : G x → Sp(V, ω V ) denotes the corresponding symplectic slice representation and k = (RΨ α (x)) • the characteristic subalgebra. Let i : g * x → g * and j : (k/g x ) * → g * be the embeddings as in Lemma 3.10.
By Lemma 3.13, the isotropy group G x is connected. By Lemma 3.10 there exists a G-
, a G-invariant contact form α N on N and a G-equivariant diffeomorphism ϕ : U 0 → U such that ϕ * α = e f α N for some G-invariant function f . Consequently the α-and α N -moment maps are related by
is the moment map for the slice representation.
As observed previously the connectedness of
Since the fibers of Φ V are G x -orbits (see Remark 3.15), the fibers of Ψ α N are G-orbits. It follows that for any point η ∈ g * the set
We next argue that the pair (R + Ψ α (x), C(Ψ α | U )) determines G x and the symplectic slice representation ρ (it obviously determines the characteristic subalgebra). It is no loss of generality to assume that (M, α, Ψ α ) = (N, α N , Ψ α N ) (note that the contact form α N is not normalized but this won't matter) and that U is a neighborhood of
Since G x is connected it is determined by its Lie algebra g x or, equivalently, by its annihilator g • x . Let C be the moment cone of (U,
Once we determined g x we have the natural inclusion ι : g x → g and the dual projection
Therefore ι T (C) = Φ V (V ). By Lemma 3.13, the cone Φ V (V ) completely determines the representation ρ : G x → Sp(V, ω V ).
Properties of contact moment maps
We need two properties of moment maps for action of tori on contact manifolds. Definition 4.1. Let Ψ α : M → g * be the moment map for an action of a torus G on a manifold M preserving a contact form α. The corresponding orbital moment map is the
The first property is the convexity of the image and the connectedness of the fibers which is due to Banyaga and Molino in the toric case [BnM1, BnM2] (by Lemma 2.12 we know that Theorem 4.2 below applies to contact toric manifolds). 2 
Proof. By Theorem 4.2, the fibers of Ψ α are connected. By Lemma 3.16 the connected components of the fibers of Ψ α are G-orbits. Therefore the fibers of Ψ α are G-orbits and the orbital moment map is injective. Since M/G is compact, the orbital moment mapΨ α is an embedding. Lemma 4.3 does not hold for 3-dimensional contact toric manifolds. For example consider (M, α) = (S 1 × T 2 , cos nt dθ 1 + sin nt dθ 2 ) with the corresponding moment map Ψ α (t, θ 1 , θ 2 ) = (cos nt, sin nt). The orbital moment map isΨ α : S 1 = M/T 2 → S(R 2 ) = S 1 is given bȳ Ψ α (t) = (cos nt, sin nt), which is not an embedding for n > 1. However,Ψ α (t) is an embedding locally. This is true in general.
For any x ∈ M/G there is a neighborhood U of x in M/G such that the restriction of the orbital moment mapΨ α to U is an embedding into S(g * ).
Proof. This is an easy consequence of the local normal form theorem, Theorem 3.14.
Proof. Suppose the action of G is not free. Then for some point x ∈ M the isotropy group G x is not trivial. By Lemma 4.3 for any G-invariant neighborhood U of the orbit G · x there is an open subset W of the sphere S(g * ) such that
By the local normal form theorem, Theorem 3.14, we may choose U and W so that
where as in Theorem 3.14 ρ : G x → Sp(V, ω V ) denotes the symplectic slice representation, Φ : V → g * denote the corresponding moment map, k = (RΨ α (x)) • is the characteristic subalgebra, and i : g * x → g * , j : (k/g x ) * → g * are the embeddings as in Lemma 3.10. Since G x is nontrivial, the symplectic slice V is not zero. It follows from Lemma 3.13 that Φ(V ) is a proper cone in g * x . Therefore Ψ α ∩ W = W , i.e., Ψ α is not onto. Contradiction. Therefore the action of G is free.
By Lemma 4.3, the fibers of Ψ α are G-orbits. Therefore if the action of G is free, then
The next lemma is a partial converse to Lemma 4.5. Proof. Since the action of G at x is free, for any 0 = X ∈ g the induced vector field X M is nonzero at x: X M (x) = 0. Since the action of G preserves α,
Since α is contact, dα| ker α is nondegenerate. Therefore, for any X M (x) = 0 with α x (X M (x)) = 0 there is v ∈ ker α x so that dα x (v, X M (x)) = 0.
If the action of G is free then the moment map
is open in the sphere. On the other hand the image is closed since M is compact. Thus the image is the whole sphere and
there exists a homeomorphismφ : M/G → M ′ /G and 2. for any point x ∈ M/G there is a neighborhood U ⊂ M/G containing it and an isomorphism of contact manifolds ϕ U :
Proof. Denote the orbit map M i → M i /G by π i , i = 1, 2. We want to show that for any point
. Therefore by Lemma 3.16 (2) if U 1 is sufficiently small there exists a G-equivariant contactomorphism ϕ U : U 1 → U 2 . Hence, as remarked earlier, Ψ α 2 • ϕ U = Ψ α 1 and ϕ * U α 2 = α 1 . It remains to show that the mapφ U induced by ϕ U on U 1 /G isφ. If U 1 is sufficiently small, then by Lemma 4.4 the mapsΨ α i : U i /G → S(g * ), i = 1, 2, are embeddings. Since
From local to global
In this section we prove that compact connected contact toric manifolds are classified by the elements of the firstČech cohomology of their orbit space with coefficients in a certain sheaf. The argument here is an adaptation of the argument in [LT] (which was due to Lerman, Tolman and Woodward) , which, in tern, was an adaptation of the argument in [HS] . I recently learned that essentially the same idea was developed earlier by Boucetta and Molino [BoM] .
Let (M, ξ = ker α) be a co-oriented contact manifold. Recall that a vector field Ξ is contact if its flow preserves the contact distribution ξ, or, equivalently, if L Ξ α = f α for some function f ∈ C ∞ (M ). A choice of a contact form α with ker α = ξ establishes a bijection between contact vector fields and functions: given a contact vector field Ξ the corresponding function is α(Ξ). Conversely, given a function f ∈ C ∞ (M ) the corresponding contact vector field Ξ f is defined by
where Y α is the Reeb vector field of α, that is, the unique vector field such that α(Y α ) = 1, ι(Y α )dα = 0. Note that since dα| ξ is nondegenerate, (dα| ξ ) −1 (df | ξ ) is a well-defined vector field tangent to ξ. Also, if Ξ is contact then
If a Lie group G acts on the manifold M and if α is G-invariant, then it induces a bijection between G-invariant contact vector fields and G-invariant functions.
t of the corresponding contact vector field Ξ f preserves the contact form α and induces the identity map on the orbit space M/G. In particular Ξ f is tangent to G-orbits.
Proof. We first consider the special case of f = 1. Then the corresponding contact vector field is the Reeb vector field
Thus the Reeb vector field is tangent to the fibers of the moment map Ψ α . Since (M, α, Ψ α : M → g * ) is toric, the connected components of the fibers of Ψ α are G-orbits (see Lemma 3.16). Therefore the Reeb vector field is tangent to G-orbits. Hence for any G-invariant function f ,
Since connected components of the fibers of Ψ α are G-orbits, this proves that the contact vector field Ξ f is tangent to G-orbits for any invariant function f . Hence the flow of Ξ f induces the identity map on the orbit space M/G. Proposition 5.2. For a fixed torus G, the isomorphism classes of contact toric G-manifold locally isomorphic to a given contact toric G-manifold (M, α, Ψ α ) are in one-to-one correspondence with the elements of the firstČech cohomology group H 1 (M/G, S) where S is the sheaf of groups on the orbit space M/G defined by
the group of isomorphisms of the contact toric manifold
Proof. The argument is standard (compare [HS] , Proposition 4.2 or [BoM] ).
it is aČech 1-cocycle whose cohomology class in H 1 (M , S) is independent of the choices made to define it. Conversely, given an element of H 1 (M , S) we can represent it by aČech cocycle {f ij :
We construct the corresponding contact toric G-manifold by taking the disjoint union of the manifolds ( We next argue that Λ is onto. Suppose ϕ ∈ S(U ). By Theorem 3.1 of [HS] , there exists a smooth G-invariant map σ :
for all x ∈ π −1 (U ). Moreover, if U is contractible, then σ(x) = exp(X(x)) for some smooth G-invariant map X : π −1 (U ) → g. It's not hard to check that x → exp(X(x)) · x is the time-1 flow of the vector fieldX(x) := (X(x) M )(x). Note thatX is a G-invariant vector field: for any g ∈ G and x ∈ π −1 (U )
where the second equality holds because X is G-invariant and G is abelian. We next prove that the Lie derivative of α with respect toX is zero: LXα = 0. To do this we recall a few facts about basic forms [K] . Given an action of a compact Lie group G on a manifold M , a form β is basic if it is G-invariant and if for any X ∈ g, the contraction ι(X M )β is zero (for zero forms we only require invariance). The set of basic forms is a subcomplex of the de Rham complex of differential forms, i.e., if β is basic then so is dβ. Also, if ϕ : M → M is a G-equivariant map inducing the identity on M/G and β is basic, then ϕ * β = β. This is because it is a closed condition that holds on the open dense subset of points of principal orbit type.
We claim that LX α is basic for the action of the torus G on the manifold π −1 (U ). Note that LX α = dι(X)α + ι(X)dα. SinceX and α are G-invariant, α(X) is G-invariant hence basic.
Therefore dι(X)α is basic. Also, sinceX and α are G-invariant, the second term ι(X)dα is G-invariant. It remains to show that for any
Next let τ t denote the time-t flow of the vector fieldX. Clearly τ t is G-equivariant and induces the identity map on U . Thus , since (LX α) is basic we have (τ t ) * (LX α) = (LXα) for all t. We also know that τ 1 = ϕ and that ϕ * α = α. Therefore
We conclude thatX is a contact vector field. We define f = α(X). Then the contact vector field of f isX and Λ(f ) = ϕ f 1 = τ 1 = ϕ. This concludes the proof that Λ : C → S is onto. We define the map j : Z G → C by j(X) = Ψ α , X . Thus it remains to show that for any sufficiently small set U ⊂ M/G and any function f ∈ C(U ) if ϕ f 1 (x) = x for all x ∈ π −1 (U ) then f = Ψ α , X for some X ∈ Z G . In fact it is enough to show that the above equation holds on the open dense subset π −1 (U 0 ) of π −1 (U ) consisting of the points where the action of G is free. Now the contact vector field Ξ f of f is G-invariant and is tangent to G-orbits (Lemma 5.1). Therefore there exists on π −1 (U 0 ) a G-invariant smooth map X :
. Hence exp(X(x)) = 1 and so X(x) ∈ Z G for all x ∈ π −1 (U 0 ). Therefore, since Z G is discrete and X is continuous and since we may take π −1 (U 0 ) to be connected, X(x) = X for some fixed vector X ∈ Z G . It follows, since
Corollary 5.4. Under the hypotheses of the proposition above,
Proof. The sheaf C is a fine sheaf, so the long exact sequence in cohomology induced by (5.3) breaks up for i > 0 into isomorphisms
6. Proof of the main classification theorem 6.1. Proof of Theorem 2.18 (1). Suppose (M, α, Ψ α ) is a c.c.c.t. G = T 2 manifold and suppose the action of G is free. Then the orbit space M/G is a 1-dimensional compact connected manifold without boundary, hence is a circle S 1 . Moreover, since any principal T 2 -bundle over S 1 is trivial, M is diffeomorphic to S 1 × T 2 = T 3 . It remains to show that the contact form α equals α n = cos nt dθ 1 + sin nt dθ 2 for some positive integer n. By Lemma 4.6 the orbital moment mapΨ α : S 1 = M/G → S(g * ) = S 1 is a submersion, hence is a covering map. Therefore there is a homeomorphismφ : M/G → S 1 such that Ψ αn •φ =Ψ α where Ψ αn is the α n -moment map and n is the number of sheets in the cover Ψ α : S 1 → S 1 . By Lemma 4.9 (M, α, Ψ α ) is locally isomorphic to (M, α n , Ψ αn ). It follows from Proposition 5.2, Corollary 5.4 and the fact that Suppose we are given t 1 , t 2 ∈ R with tan t 1 , tan t 2 rational, 0 ≤ t 1 < 2π and t 1 < t 2 . For each i there is a weight (m i , n i ) ∈ Z 2 such that (cos t i , sin t i ) lies on the ray through (m i , n i ).
Choose ǫ > 0 sufficiently small so that f 1 (t) = −n 1 cos t+m 1 sin t is non-negative on [t 1 , t 1 +ǫ) and f 2 (t) = n 2 cos t − m 2 sin t is non-negative on (t 2 − ǫ, t 2 ] and t 1 + ǫ < t 2 − ǫ. Consider M = R × S 1 × S 1 with the contact form α = cos t dθ 1 + sin t dθ 2 , (t,
Consider f : U → R given by f (t, θ 1 , θ 2 ) = −n 1 cos t + m 1 sin t for t ∈ (t 1 − ǫ, t 1 + ǫ) and f (t, θ 1 , θ 2 ) = n 2 cos t + m 2 sin t for t ∈ (t 2 − ǫ, t 2 + ǫ). The function f is a moment map for a circle action on U generated on
Note that the obvious action of G = S 1 × S 1 onM preserves M , α, U and commutes with the action of S 1 defined by f . Therefore we may apply Proposition 6.2. The contact manifold M cut so obtained with the induced action of G is the desired manifold (M, α, Ψ α ).
6.3. Proof of Theorem 2.18 (3). Let (M, α, Ψ α ) be a c.c.c.t. G-manifold normalized so that Ψ α (M ) ⊂ S(g * ), suppose the action of G is free and suppose dim M > 3. By Corollary 4.7 the moment map Ψ α : M → S(g * ) is a principal G-bundle. By Lemma 4.9 (M, α, Ψ α ) is locally isomorphic to the co-sphere bundle S * G = G × S(g * ) of the torus G with the standard contact structure and the obvious action of G. By Proposition 5.2 (M, α, Ψ α ) corresponds to a class in
On the other hand the cohomology group H 2 (S(g * ), Z G ) classifies principal G-bundles over the sphere S(g * ). This suggests (but doesn't yet prove!) that every principal G-bundle over S(g * ) has a unique invariant contact structure. To prove this we need to trace through identifications.
Recall that principal G-bundles (for G a torus) over B = S(g * ) are in 1-1 correspondence with classes in the firstČech cohomology H 1 (B, G) where G is the sheaf defined by G(U ) = C ∞ (U, G), for U ⊂ B sufficiently small. Recall also that we have a short exact sequence of sheaves
On the other hand, by Proposition 5.3 we have the short exact sequence
We claim that there are morphisms a : C → g and b : S → G so that the diagram
Fix an open set U ⊂ S(g * ) small enough so that π −1 (U ) = U × G. By Lemma 5.1 for any f ∈ C(U ) the contact vector field Ξ f of f is tangent to G-orbits, i.e., to the fibers of π. Since the vector field Ξ f is also G-invariant, for any x ∈ U there is a unique X(x) ∈ g such that for any m ∈ π −1 (x)
(cf. proof of Proposition 5.3). We define a(f ) to be the map X : U → g, x → X(x). Since an element ϕ ∈ S(U ) is a G-equivariant diffeomorphism of π −1 (U ) = U × G into itself, it is completely determined by ϕ| U ×{1} . We define b :
Finally the left hand square commutes by definition of j and the fact that the contact vector field of the function Ψ α , X is X M . This proves the claim.
Since C and g are fine sheaves we have
.
Therefore the map H 1 (b) induced by b on the firstČhech cohomology is an isomorphism. Proof. Suppose C = {η ∈ g * | η, v i ≥ 0} is a good polyhedral cone defined by some subset {v i } N i=1 of the integral lattice Z G . As a first step we construct a symplectic cone (S, ω) 3 with a symplectic action of G commuting with dilations such that the image of the corresponding moment map Φ S : S → g * is C. The construction is a slight adaptation of a well-known construction of Delzant (c.f. [D] , [LT] ).
Let {e i } denote the standard basis of R N . Consider the map ̟ : R N → g given by ̟( a i e i ) = a i v i . Since ̟(Z N ) ⊂ Z G , ̟ induces a map̟ : T N = R N /Z N → g/Z G = G. We write [a] for the image of a = (a 1 , . . . , a N ) ∈ R N in T N . Note that the kernel T of̟ is
It is a compact abelian subgroup of T N with Lie algebra t = ker ̟. Note that T need not be connected.
Consider the standard action of T N on (C N ,
[a] · (z 1 , . . . , z N ) = (e 2πia 1 z 1 , . . . e 2πia N z N ).
The corresponding symplectic moment map Φ : C N → (R N ) * is given by Φ(z 1 , . . . , z N ) = |z j | 2 e * j where {e * j } is the basis dual to {e j }. We claim that the symplectic quotient S of C N {0} by the induced action of T is the desired manifold S, i.e., that S = (Φ −1 T (0) {0})/T where Φ T = j * • Φ and j : t ֒→ R N is the inclusion.
We claim first that Φ −1 T (0) = Φ −1 (ϕ(C)). Indeed, since 0 → g * ̟ * → (R N ) * j * → t * → 0 is exact, (j * ) −1 (0) = ̟ * (g * ) and hence Φ −1 T (0) = Φ −1 ((j * ) −1 (0) ∩ Φ(C N )) = Φ −1 (̟ * (g * ) ∩ Φ(C N )). Now ̟ * (g * ) ∩ Φ(C N ) = {̟ * (η) | η ∈ g * and ̟ * (η), e i ≥ 0 for all i} = {̟ * (η) | η ∈ g * and 0 ≤ η, ̟(e i ) = η, v i for all i} = {̟ * (η) | η ∈ C}.
Thus Φ −1
T (0) = Φ −1 (̟ * (C)). Next we claim that for any 0 = z = (z 1 , . . . , z N ) ∈ Φ −1 T (0) the isotropy group T z is trivial. It would then follow that S = (Φ −1 T (0) {0})/T is a smooth symplectic cone: the action of R 3 Recall that a symplectic cone is a symplectic manifold (S, ω) with a free proper action {ρt} t∈R of the real line such that ρ * t ω = e t ω for all t ∈ R on S is induced by the action of R on C N given by t · z = e t z.
j∈Jz a j v j ∈ Z G and a j ∈ Z for all j ∈ J z } where J z = {j ∈ {1, . . . , N } | z j = 0}. On the other hand, z ∈ Φ −1 T (0) if and only if there is a (unique) η ∈ C such that Φ(z) = ̟ * (η). Hence z j = 0 if and only if 0 = |z j | 2 = Φ(z), e j = ̟ * (η), e j = η, v j . Since C is a good cone, for any fixed vector η ∈ C the set {v j | η, v j = 0} = {v j | j ∈ J z } is a Z basis of { j∈Jz a j v j | a j ∈ R} ∩ Z G . Hence j∈Jz a j v j ∈ Z G implies that a j ∈ Z for all j ∈ J z . Therefore T z = {[a] ∈ R N /Z N | a ∈ Z N }, i.e., T z is trivial.
Finally note that the image of Φ Proof. We first introduce some notation and a simple fact. Let C ⊂ g * be a cone and F ⊂ C be a face of C. Let span R F denote the linear subspace of g * spanned by the vectors in F . Let π F : g * → g * /span R F denote the projection. For any point q in the interior of F there is an open neighborhood W of q in g * such that
Note that the cone π −1 F (π F (C)) is isomorphic to π F (C) × span R F . Now suppose that C is the moment cone C(Ψ) of Ψ α and that x is a point in M . By Lemma 4.3 for any G invariant neighborhood U of G · x there is an open subsetW of the sphere S(g * ) such that Ψ α (U ) =W ∩ Ψ α (M ). Let W = R +W ∪ {0} be the cone onW . Then
By the local normal form theorem, Theorem 3.14,
where as usual k is the characteristic subalgebra, Φ V : V → g * x is the moment map for the slice representation etc.. Note that
for any sufficiently "small" open cone W . Thus
x (Φ V (V )), where π x : g * → g * x is the natural projection. It follows that if F is the face of C(Ψ α ) containing Ψ α (x) in its interior, then span R F = g • x and π F (C(Ψ α )) is isomorphic to Φ V (V ) (once we identify g * /g • x with g * x ). Moreover, if we represent C as C = {η ∈ g * | η, v i ≥ 0} for some minimal set {v i } ⊂ Z G and consisting of primitive vectors, then g • x = span R F = k j=1 {η ∈ g * | η, v i j = 0} for some subset {v i 1 , . . . , v i k } ⊂ Z G , and
